Fluid phase equilibria involving nano-dispersed phases, where at least one of the coexisting phases is confined to a small volume, are investigated by molecular dynamics simulation. Complementing previous studies on nanoscopic droplets, simulation volumes containing a nanoscopic gas bubble surrounded by a subsaturated liquid phase under tension, i.e. at negative pressure, are conducted in the canonical ensemble. The boundary conditions are chosen such that the phase equilibrium at the curved interface is thermodynamically stable. Two distinct size-dependent effects are found: Curvature induces a subsaturation of the system, leading to a smaller liquid density. For the gas in the centre of the bubble, the small diameter has an additional obverse effect, increasing its density. The curvature dependence of the surface tension is discussed by evaluating average radial density profiles to obtain the excess equimolar radius, which is found to be positive, corresponding to a negative Tolman length.
Introduction
tion [8] . In a simulation, boundary conditions can be imposed which would 50 be hard or impossible to guarantee in an experimental setting. For instance, 51 transport processes can be sampled in a well-defined steady state by non-52 equilibrium MD simulation, including the coupled heat and mass transfer 53 occurring at interfaces [9] and during nucleation in a supersaturated vapour 54 [10]. The critical nucleus of a nucleation process, which corresponds to a free 55 energy maximum and is therefore thermodynamically unstable, can be inves- 
68
The present work illustrates the contribution that molecular modelling 69 and simulation can make to the discussion of nano-dispersed phases, with 70 a focus on MD simulation of a gas bubble in equilibrium with a liquid at 71 negative pressure. This case is both of fundamental scientific interest and 72 technically important, e.g. for cavitation. In Section 2, a brief survey is given leading to the conclusion which is given in Section 6. 
The surface free energy can then be obtained by integration
over a process during which the interface is created.
89
By molecular simulation, the thermodynamic surface tension can be com-
90
puted from the test area method [22] , while grand canonical Monte Carlo 91 simulation can be employed to obtain A F from the excess Landau free en-92 ergy corresponding to the respective density [14, 23] .
93
Neglecting size effects on γ, the surface free energy can be approximated 
98
For a mechanical definition, the surface tension is treated as causing a
99
force f τ acting in tangential direction (with respect to the interface), i.e. a 100 tendency of the interface to contract. The mechanical surface tension
relates the magnitude of this force to the length of the contact line l between 102 the interface and the surface of another mechanical object, e.g. a confining 103 wall, on which the force f τ acts.
104
In a cuboid box with the extension V = l x × l y × l z , which contains a 105 planar interface normal to the z axis, the interface and the two faces of the 106 box which are normal to the x axis have contact lines with an elongation of 107 l y , cf. Fig. 1 . Each of these faces (normal to x) has an area of F yz = l y × l z .
108
The tangential force f τ = f x = γl y thus constitutes a negative (contracting) 109 contribution to the pressure, acting in tangential direction, i.e. in x-direction 110 here.
111
The surface tension can thus be obtained from the deviation between the 112 tangential and normal eigenvalues p τ and p ν of the pressure tensor:
In the example discussed above, the tangential pressure p τ = p x = p y acts
114
in the x-and y-directions parallel to the interface, while the normal pressure 
Curved vapour-liquid interfaces

121
At the curved interface of a bubble or a droplet, the mechanical equilibrium condition is characterized by the Laplace equation 
At low densities it can be approximated by µ res ≈ ln ρ, so that the vapour 148 parts of the three isotherms shown in Fig. 2 
Hence, proceeding (at increasing ρ) from stable vapour to metastable vapour,
151
to the unstable part of the isotherm, the metastable and finally the stable 152 liquid, the slope of the curves in the µ − p diagram decreases successively.
153
In Fig. 1 dependence of the surface tension on the radius is the Tolman length
introduced by Tolman [38, 39] who applied the theoretical framework of as an expansion in terms of 1/R, i.e.
has more recently come under criticism for a variety of reasons [14, 19] 
and its relation to the equimolar curvature 1/R ρ . In the planar limit, i.e. 
An analogous relation holds for the derivative of the surface tension with 
relating it to the Tolman length in the planar limit.
238
If the surface tension of the planar interface, rather than the actual surface 239 tension of the curved interface, is inserted into the Laplace equation
a direct route to δ can be also be expressed in terms of the capillarity radius 
where r is the distance between two molecules and r c = 2.5 is the cutoff [29], the present results also can be given a realistic interpretation.
272
This choice of molecular model was also driven by the fact that vapour- for configurations containing a single gas bubble.
295
The present MD simulations are therefore concerned with the scenario cules N and the simulation volume V were varied as indicated in Table 1 .
301
An equilibration was conducted for at least 400 000 time steps, with an From these density profiles, cf. Fig. 4 , the equimolar radius R ρ , the cap-311 illarity radius R κ , and thus the excess equimolar radius η = R ρ − R κ were 312 determined by following theoretical approach discussed in Section 2. 
was not determined here from the density profile on the vapour side. reduced to 10 000 time steps here.
341
The simulation conditions were chosen here such that the radii of the 
Simulation results
351
The density profiles of gas bubbles in equilibrium with subsaturated liquid phase surrounding the gas bubble was found to be subsaturated in all cases.
373
In particular, as shown in Fig. 6 , smaller bubbles consistently correspond to 374 smaller liquid densities here, in agreement with capillary theory.
375
The excess equimolar radius η was found to be positive in all cases, in- discussion of the curvature influence on fluid phase coexistence (see Fig. 2 ).
396
On the other hand, the vapour density in the centre of the bubble was 397 found to increase again for even smaller bubbles, eventually exceeding the 398 dew density. This is not paralleled by an increase, but rather by a further 399 decrease of the liquid density, cf. Fig. 6 , which suggests that in terms of the 400 chemical potential, these extremely small bubbles are subsaturated as well.
401
This implies that among the two effects present for the gas density, only is increased not due to curvature, which tends to reduce µ and thereby also 
438
For the surface tension of a bubble, however, these two effects do not coun- corresponding to a negative Tolman length δ.
455
On the basis of Hadwiger's theorem [53] , it has been argued that the 456 influence of geometry on the surface tension needs to be proportional to 457 the mean curvature, the Gaussian curvature, or linear combinations thereof Table 1 : respectively, which are negative by the convention employed here, the excess 623 equimolar radius η = R ρ − R κ was obtained. Table 3 : 
624
N V p ′ − p ′′ 1/R ρ γ
